We show that dynamic spin polarization by collective raising and lowering operators can drive a spin ensemble from arbitrary initial state to many-body singlets, the zero-collective-spin states with large scale entanglement. For an ensemble of N arbitrary spins, both the variance of the collective spin and the number of unentangled spins can be reduced to O(1) (versus the typical value of O(N )), and many-body singlets can be occupied with a population of ∼ 20% independent of the ensemble size. We implement this approach in a mesoscopic ensemble of nuclear spins through dynamic nuclear spin polarization by an electron. The result is of two-fold significance for spin quantum technology: (1) a resource of entanglement for nuclear spin based quantum information processing; (2) a cleaner surrounding and less quantum noise for the electron spin as the environmental spin moments are effectively annihilated. PACS numbers: 76.70.Fz,42.50.Dv,03.67.Bg,71.70.Jp Many-body singlets (MBS) are the zero-collective-spin states of a spin ensemble with large scale quantum entanglement and zero spin uncertainties. They appear in a variety of contexts in quantum physics and in condensed matter physics, e.g. as horizon states of the quantum black hole [1] , and as ground states of quantum antiferromagnetic models [2] . Their special characteristics place them at the center of attention for quantum applications. First, MBS are invariant under a simultaneous unitary rotation on all spins. This makes MBS suitable for spanning a decoherence-free subspace [3], for quantum communications without a shared reference frame [4] , and for metrology of the spatial gradient or fluctuations of external fields [5] . Second, MBS is an extreme example for the squeeze of spin uncertainties [6] [7] [8] [9] . The collective spin has zero variance in all directions and thus a source of quantum noise is removed, e.g. in the context of a quantum object affected by a spin bath. Third, MBS contain large scale quantum entanglement: every spin is entangled with the rest part of the ensemble. An example of a pure MBS is the product of twoqubit singlets (Bell pairs). In the maximally mixed state of all MBS, the distillable bipartite entanglement is logarithmic in the ensemble size [1] .
We show that dynamic spin polarization by collective raising and lowering operators can drive a spin ensemble from arbitrary initial state to many-body singlets, the zero-collective-spin states with large scale entanglement. For an ensemble of N arbitrary spins, both the variance of the collective spin and the number of unentangled spins can be reduced to O(1) (versus the typical value of O(N )), and many-body singlets can be occupied with a population of ∼ 20% independent of the ensemble size. We implement this approach in a mesoscopic ensemble of nuclear spins through dynamic nuclear spin polarization by an electron. The result is of two-fold significance for spin quantum technology: (1) a resource of entanglement for nuclear spin based quantum information processing; (2) a cleaner surrounding and less quantum noise for the electron spin as the environmental spin moments are effectively annihilated. Many-body singlets (MBS) are the zero-collective-spin states of a spin ensemble with large scale quantum entanglement and zero spin uncertainties. They appear in a variety of contexts in quantum physics and in condensed matter physics, e.g. as horizon states of the quantum black hole [1] , and as ground states of quantum antiferromagnetic models [2] . Their special characteristics place them at the center of attention for quantum applications. First, MBS are invariant under a simultaneous unitary rotation on all spins. This makes MBS suitable for spanning a decoherence-free subspace [3] , for quantum communications without a shared reference frame [4] , and for metrology of the spatial gradient or fluctuations of external fields [5] . Second, MBS is an extreme example for the squeeze of spin uncertainties [6] [7] [8] [9] . The collective spin has zero variance in all directions and thus a source of quantum noise is removed, e.g. in the context of a quantum object affected by a spin bath. Third, MBS contain large scale quantum entanglement: every spin is entangled with the rest part of the ensemble. An example of a pure MBS is the product of twoqubit singlets (Bell pairs). In the maximally mixed state of all MBS, the distillable bipartite entanglement is logarithmic in the ensemble size [1] .
Despite the successful generation of photonic analog of 4-qubit singlets by parametric down conversion [3, 10] , realization of MBS in a general spin ensemble is an outstanding goal awaiting technically feasible approaches. Theoretical study shows that spin squeezing based on quantum non-demolition measurement can reduce the total collective spin variance of an atomic ensemble by a factor of 5 in the lossless case [5] . However, in such squeezed state the weighting of MBS is small and vanishes in large N limit.
Here we introduce a conceptually new approach for squeezing of collective spin uncertainties and generation of large scale entanglement. The approach uses collective spin raising and lowering operations only, and is applicable to an ensemble of N arbitrary spins initially on arbitrary state. The state after squeezing is significant in figures of merit: in the low loss limit, MBS are occupied with an N -independent population of ∼ 20%, and both the variance of the total collective spin and the number of spins unentangled with the rest are O(1) (versus the typical values of O(N )). We implement this approach in a mesoscopic ensemble of nuclear spins, a spin system of extensive interests either as a noise source or as a superior information storage in quantum technology. The implementation uses only generic features of dynamic nuclear spin polarization processes by an electron, and is applicable to various electron-nuclear spin systems. Distillation of MBS can be realized by post-selection based on measurement of the electron spin. MBS can be a valuable resource of quantum entanglement for nuclear spin quantum information processing [11] [12] [13] . In electron spin based quantum computation schemes, preparing the peripheral nuclear spins into MBS results in a cleaner surrounding and hence improved quantum coherence of the electron spin.
We refer to the definition of spin squeezing in the generalized sense [5, 9] , where the degree of squeezing is quantified by Ĵ 2 , withĴ ≡ N n=1Î n being the total collective spin for an ensemble of N particles with equal or different spins.
Ĵ 2 = 0 indicates perfect squeezing where the N spins are in the MBS. Ĵ 2 (s) −1 gives an upper bound on the number of spins unentangled with others wheres is the average spin per particle [5, 9] . States of the spin ensemble can be grouped into multiplets, i.e. irreducible invariant subspaces of the total spin. A multiplet { J, M, α Key to our squeezing approach is to apply raising operator of the formĵ
Here the ensemble is partitioned arbitrarily into two subsets A and B with collective spinĵ A andĵ B respectively ( Fig. 1(a) ). We find the key identity
(1) Fig. 1(a) ). The Hilbert space can be divided into independent subspaces according to the quantum numbers {j A∩D , j B∩D , j B∩C , j A∩C } conserved by the raising/lowering operations, and their values determine the number of (2J+1)-dimensional multiplets n(J). IfĴ − is applied more frequently such that the system is in spin coherent states every timeĵ Dynamic spin polarization by the collective raising and lowering operators can be described by Lindblad terms in the master equationρ
2 respectively, and the squeezing scheme requires that the former rate shall always be larger. We note that J, M, j A , j B |(ĵ 
2 , the latter quantity ∼ 4N s 2 in an ensemble of N spin s particles. Spin decoherence causes the population decay of MBS with a rate ∼ N γ n with γ n being the single spin decoherence rate. The low loss condition is therefore defined as 1 4N s 2 Λ h > Λ o ≫ γ n , where spin decoherence has negligible effect on the squeezing efficiency [15] .
We numerically demonstrate a squeeze control whereĵ Fig. 2(a) ). With spin decoherence neglected under the low loss condition, calculation can be significantly simplified for this choice of control and a moderately large spin system can be simulated. In the interval whenĴ − andĵ
are applied, the relevant Hilbert space can be further divided into independent subspaces according to the quantum numbers {j A , j B } (or {j C , j D }). If the duration τ of each interval is sufficiently large to ensure the reach of steady state, we simply need to solve for steady state in each small subspace and keep track of the basis transform between {|J, M, j A , j B } and {|J, M, j C , j D } upon the switch of raising operators. Off-diagonal coherence is found to be negligible which can further simplify the calculation. An example of the simulated squeezing dynamics is given in Fig. 2(b-c) . The initial density matrix is the completely mixed one in the subspace with {j A∩D = 7/2, j B∩D = 7/2, j B∩C = 7/2, j A∩C = 7/2}. The polarization rates are 10 −3 Λ h = Λ o , and τ = 2/Λ o . Fig. 2(b) shows that the population distribution p(J, j A , j B ) among the multiplets indeed approaches the steady state value after a time of 4τ . At t = 5τ , MBS are occupied with a population of 0.21 and Ĵ 2 = 2.42.
In an ensemble of nuclear spins, the applications of the two types of operatorsĴ − andĵ
are realized in the process of dynamic nuclear spin polarization (DNSP), a major tool for manipulation of nuclear spins [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . We consider the hyperfine interactionĤ 0 = n |ψ (r n )| 2Î n · ← → A ·Ŝ coupling the electron spinŜ to peripheral lattice nuclear spinŝ I n .
← → A is the hyperfine coupling constant in tensor form, and the position dependence of coupling enters through the envelope function ψ (r) of the electron only.Ĥ 0 describes generally the hyperfine interaction of electron or hole system in quantum dots or shallow donors formed in group IV or III-V materials [30, 31] . In most DNSP schemes,Ĥ 0 induces the electron-nuclear flip-flop in passing electron spin polarization to the nuclei and the energy cost is compensated by emission/absorption of phonons or photons [19] [20] [21] [22] [23] . These DNSP schemes are termed as the dc type hereafter. Alternatively, DNSP can also utilize the ac correction to the hyperfine coupling:
A ·Ŝ when an ac electric field induces an electron displacement d ω cos(ωt), with energy cost for electron-nuclear flip-flop directly supplied by ac field [27] [28] [29] . Such DNSP process is termed hereafter as the ac type.
For nuclear spins on the periphery of an electron, MBS can be realized by combining dc and ac DNSP processes which polarize nuclear spins in opposite directions with the operators n |ψ (r n )| respectively. Under the influence of incoherent electron spin dynamics in the DNSP process, the large shell-to-shell differ- ence in the dc hyperfine coupling strength causes loss of intershell coherence in a timescale much faster than the squeezing. Thus different coordination shells can be independently squeezed towards MBS. Fig. 3(a) shows the schematic of an electron with a 2D Gaussian envelope function. The 12 lattice nuclear spins form two coordination shells according to the dc hyperfine coupling strength (Fig. 3(b) ). For the green shell with 4 lattice nuclear spins,Ĥ ac =ãŜ − (ĵ
iωt E y + c.c., where E x(y) is the ac electric field in the x (y) direction. Fig. 3(d) shows the schematic of the DNSP control where the switching between dc and ac DNSP is concatenated with the switching of the ac electric field between x and y directions. Numerical simulation of such a control has been given in Fig. 2 . The blue shell represents the more general case where nuclear spins are polarized in the ac DNSP process byã 1 (ĵ
, a linear superposition of raising operators of the desired form (Fig. 3(c) ). The identity in Eq. (1) obviously holds ifĵ [15] .
Interaction between neighboring nuclear spins causes spin diffusion and spin dephasing which can result in loss of MBS. The dipolar interaction between neighboring lattice sites is of the strength ∼ 10 Hz. Nuclear spin diffusion by theÎ
coupling terms is efficiently suppressed when the shell-to-shell inhomogeneity in the hyperfine coupling is large. By thê I z nÎ z m term, the nuclear spins are subject to a dipolar magnetic field dependent on the configuration of their neighbors, which leads to dephasing with a rate γ n ∼ 10 − 100 Hz. To realize efficient squeezing, fast DNSP mechanisms are desired.
For optically controllable electron spin, e.g. in quantum dot or impurity in III-V semiconductors, fast dc DNSP can be realized by the hyperfine-mediated optical excitation of spinforbidden excitonic transitions [21, 32] . Assuming the electron Zeeman splitting ω e ∼ 0.2 GHz, the intrinsic broadening of charged exciton γ t ∼ 0.2 GHz, and an optical Rabi frequency Ω ∼ 3 GHz for the excitonic transition, we estimate the DNSP rate:
e γt ∼ 10 MHz on a coordination shell with hyperfine coupling a = 3 MHz. For other electronnuclear spin system, fast dc DNSP may be realized through the bath-assisted electron-nuclear flip-flop in the presence of an efficient energy dissipation channel, e.g. an electron Fermi sea in nearby leads [20] .
ac DNSP is of the rate Λ o =ã 2 γs where γ s is the broadening of the electron spin resonance [28] . The magnitude of the ac hyperfine interaction,ã, depends on the strength of ac electric field and the inhomogeneity of the electron envelop function. Giving the phosphorus donor in silicon as an example, we have the first several shells: (A, 6.0, 6), (B, 4.5, 12), (C, 3.3, 4), (D, 2.2, 12) and (F, 1.7, 12) where the first letter is the label of the shell by convention, the second number is the hyperfine coupling strength in unit of MHz, and the third is the number of equivalent sites on the shell [33] . The distance between neighboring shells is in the order of ∼ 0.1 nm. Thus, we estimateã ∼ MHz by a moderate displacement of the electron d ω ∼ 0.1 nm. Assuming γ s ∼ 0.1 GHz, Λ o can be of ∼ 10 kHz on these shells. Thus, we conclude that the low loss condition can indeed be satisfied for nuclear spins on the periphery of a strongly confined electron. 
